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Abstract
Two character tables of finite groups are isomorphic if there exist a bijection for the irreducible characters
and a bijection for the conjugacy classes that preserve all the character values. We give necessary and
sufficient conditions for two finite groups to have isomorphic character tables. In the case of finite p-groups
with derived subgroup of order p, we show that the character tables can be classified by equivalence classes
of certain homomorphisms of abelian p-groups.
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1. Introduction
The classification up to isomorphism of finite groups of a fixed order is a major theme in
Group Theory. In the second half of the twentieth century, a lot of effort was directed towards
the classification of finite simple groups, which has now become the most famous classification
problem in Group Theory. Sylow’s theorems and the classification of finite simple groups can
often be used in reducing problems about finite groups to questions about p-groups. In this case,
there are results that give an algorithm for constructing p-groups (see Eick and O’Brien [4] and
Newman [10]), and results that give estimates for f (n,p), the number of groups of order pn
(see Blackburn [2], Higman [5], and Sims [12]). However, a complete classification of all non-
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up to isomorphism all p-groups satisfying certain properties. For instance, S.R. Blackburn [1]
classified up to isomorphism the p-groups with derived subgroup of order p. The classification
is independent of the prime p.
While progress has been made in the classification of p-groups, the classification up to iso-
morphism of character tables of p-groups is still in its early years. Two groups have isomorphic
character tables if there exist a bijection for the conjugacy classes and a bijection for the ir-
reducible characters that preserves all character values. It is well known that non-isomorphic
groups can have isomorphic character tables. There are many results regarding which group
structure properties are preserved by isomorphic character tables, and several of these results can
be found in [7]. Mattarei showed in [9] that the derived length of a solvable group is not pre-
served by the character table. Lux and Pahlings have used GAP to study the number of character
tables for 2-groups of order up to 256. Their results can be found in [8].
This three-paper sequence contains the substance of the author’s doctoral dissertation. We
study the isomorphism classes of p-groups with derived subgroup of order p. In the present
paper we show that these isomorphism classes can be described by equivalence classes of certain
homomorphisms of abelian p-groups. In the later papers we also give a purely combinatorial
description of the isomorphism classes of character tables of p-groups P with |P ′| = p. This
combinatorial description is independent of the prime p. Finally, we compare the number of
non-isomorphic p-groups with derived subgroup of order p with the number of non-isomorphic
character tables of these groups and we show that there are a lot more groups than character
tables.
More specifically, the results of the present paper are as follows. Let p be a prime number
and let m, n be positive integers such that n − 2m − 1  0. We denote by Pm,n,p a full set of
non-isomorphic p-groups P with |P | = pn, |P ′| = p, and [P : Z(P )] = p2m, and we denote by
CT m,n,p a full set of non-isomorphic character tables of these groups. We have a natural map
ctm,n,p : Pm,n,p → CT m,n,p that associates to every group its character table. In this paper we
construct a set of homomorphisms between abelian p-groups, denoted by Tm,n,p , which a priori
depends on p, and we show that there exist a map tm,n,p : Pm,n,p → Tm,n,p and an one-to-one
map Υm,n,p : CT m,n,p → Tm,n,p such that the following diagram is commutative:
Pm,n,p
ctm,n,p tm,n,p
CT m,n,p
Υm,n,p Tm,n,p.
It follows from the results in our second paper that Υm,n,p is a bijection.
This paper is organized as follows: In Section 2 we give necessary and sufficient conditions for
two finite groups to have isomorphic character tables. Results similar to ours have been proved in
[3,11,13]. In Section 3 we give necessary and sufficient conditions for two p-groups with derived
subgroup of order p to have isomorphic character tables (Corollary 4.4). This result motivates the
definition of (m,n,p)-admissible triples which we introduce in Section 4. We conclude the paper
with Theorem 5.7 which states that there is a one-to-one map from the set of non-isomorphic
character tables CT m,n,p to the set of non-equivalent (m,n,p)-admissible triples Tm,n,p .
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Let G be a finite group and let Cl(G) denote the set of conjugacy classes of G. Suppose
Cl(G) = {K1,K2, . . . ,Kt }. We denote by Irr(G) the set of irreducible characters of G.
Definition 2.1. Two groups G1 and G2 have isomorphic character tables if there exist two bijec-
tions
α : Cl(G1) → Cl(G2) and β : Irr(G1) → Irr(G2)
such that for all K ∈ Cl(G1) and for all χ ∈ Irr(G1) we have
χ(K) = β(χ)(α(K)), (2.1)
where χ(K) means the value of χ on some element of K .
Let Ĝ denote the set of class functions on G. Then Ĝ is a C-algebra with point-wise addition
and multiplication of functions and Irr(G) is a basis of Ĝ as a vector space over C. Furthermore,
Ĝ =Ce1 ⊕ · · · ⊕Cet , where
ei : G →C,
ei(g) =
{
1 if g ∈ Ki ,
0 otherwise
for all 1 i  t . Then {e1, e2, . . . , et } is a set of central, primitive, orthogonal idempotents.
The following result proves that G1 and G2 have isomorphic character tables if and only
if Ĝ1 and Ĝ2 are isomorphic as algebras and the isomorphism maps irreducible characters to
irreducible characters. Similar results have been proved in [3,11,13].
Proposition 2.2. Two groups G1 and G2 have isomorphic character tables if and only if there
exists an algebra isomorphism Φ : Ĝ1 → Ĝ2 such that Φ(Irr(G1)) = Irr(G2).
Proof. Suppose that G1 and G2 have isomorphic character tables. Then there exist two bijections
α : Cl(G1) → Cl(G2) and β : Irr(G1) → Irr(G2) such that for all K ∈ Cl(G1) and for all χ ∈
Irr(G1) we have
χ(K) = β(χ)(α(K)). (2.2)
Let e1, . . . , et and f1, . . . , ft be the central, primitive, orthogonal idempotents of Ĝ1 and Ĝ2
respectively. We have
Ĝ1 =Ce1 ⊕Ce2 ⊕ · · · ⊕Cet
and
Ĝ2 =Cf1 ⊕Cf2 ⊕ · · · ⊕Cft .
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Φ :Ce1 ⊕Ce2 ⊕ · · · ⊕Cet →Cf1 ⊕Cf2 ⊕ · · · ⊕Cft
such that Φ({e1, . . . , et }) = {f1, . . . , ft } and Φ(ei) = fj where α(K1i ) = K2j .
It remains to show that Φ(Irr(G1)) = Irr(G2). Let χ ∈ Irr(G1) then we have:
χ =
t∑
i=1
χ
(
K1i
)
ei
and
Φ(χ) =
t∑
i=1
χ
(
K1i
)
Φ(ei).
Let ν = β(χ), then
ν =
t∑
j=1
ν
(
K2j
)
fj =
t∑
i=1
ν
(
α
(
K1i
))
Φ(ei).
Since G1 and G2 have isomorphic character tables we have
χ
(
K1i
)= ν(K2j )
hence, Φ(χ) = ν = β(χ). Thus, Φ(Irr(G1)) ⊆ Irr(G2). Since β and Φ are bijections we can also
prove that Irr(G2) ⊆ Φ(Irr(G1)). Hence, Φ(Irr(G1)) = Irr(G2).
Conversely, suppose there exists an algebra isomorphism Φ : Ĝ1 → Ĝ2 such that
Φ(Irr(G1)) = Irr(G2). We have to construct a bijection α : Cl(G1) → Cl(G2) such that for
all K ∈ Cl(G1) and for all χ ∈ Irr(G1) we have χ(K) = Φ(χ)(α(K)). Since Φ is a bijection
such that Φ(Irr(G1)) = Irr(G2) we have |Irr(G1)| = |Irr(G2)| = t . Hence, G1 and G2 have the
same number of conjugacy classes. Let e1, e2, . . . , et and f1, f2, . . . , ft be the central, primitive,
orthogonal idempotents of Ĝ1 and Ĝ2 respectively. Since Φ is an algebra isomorphism we have
Φ({e1, . . . , et }) = {f1, . . . , ft }.
Let α : Cl(G1) → Cl(G2) be defined by α(K1i ) = K2j , where Φ(ei) = fj . Let χ ∈ Irr(G1)
and let ν = Φ(χ). We have
χ =
t∑
i=1
χ
(
K1i
)
ei
and
ν =
t∑
χ
(
K1i
)
Φ(ei).i=1
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ν =
t∑
j=1
ν
(
K2j
)
fj .
We obtain χ(K1i ) = ν(K2j ), for all i = 1, . . . , t and j ∈ {1, . . . , t} such that Φ(ei) = fj . In par-
ticular, we obtain χ(1) = ν(1) = Φ(χ)(1). Since, χ ∈ Irr(G1) was chosen arbitrarily we obtain
that |G1| = |G2|.
It remains to show that |K1i | = |K2j | for all i, j ∈ {1, . . . , t} such that Φ(ei) = fj . Let g1 ∈ K1i
and g2 ∈ K2j . We have∣∣K1i ∣∣= [G1 : CG1(g1)] and ∣∣K2j ∣∣= [G2 : CG2(g2)].
Since |G1| = |G2| it is enough to show that |CG1(g1)| = |CG2(g2)|. We have∣∣CG1(g1)∣∣= ∑
χ∈Irr(G1)
∣∣χ(g1)∣∣2 = ∑
χ∈Irr(G1)
∣∣Φ(χ)(g2)∣∣2 = ∑
ν∈Irr(G2)
∣∣ν(g2)∣∣2 = ∣∣CG2(g2)∣∣,
where the second equality follows from the fact that χ(K1i ) = Φ(χ)(K2j ).
Thus, α is well defined. It is easy to see that α is a bijection such that χ(K) = Φ(χ)(α(K)) for
all χ ∈ Irr(G1) and for all K ∈ Cl(G1). Thus, G1 and G2 have isomorphic character tables. 
3. Character tables of p-groups with derived subgroup of order p
In this section we prove results about the character table of a p-group with derived subgroup
of order p. We will use these results to prove our main result in Section 4. We begin with a more
general lemma.
Lemma 3.1. Let G be a group and let λ ∈ Irr(Z(G)). Then λG vanishes on G \ Z(G) and
(λG)Z(G) = |G : Z(G)|λ. Furthermore, if in addition θ ∈ Irr(Z(G)) is such that θG = λG then
θ = λ.
Proof. Let g ∈ G \ Z(G). Then, by the definition of λG we have λG(g) = 0. By Frobenius
Reciprocity we have [(
λG
)
Z(G)
, λ
]= [λG,λG] = 0.
Hence, by Clifford’s Theorem we obtain (λG)Z(G) = eλ. Then,
eλ(1) = (λG)
Z(G)
(1) = (λG)(1) = ∣∣G : Z(G)∣∣λ(1).
Thus, e = |G : Z(G)| and (λG)Z(G) = |G : Z(G)|λ.
Suppose there exists θ ∈ Irr(Z(G)) such that θG = λG. Then, (θG)Z(G) = (λG)Z(G). Hence,
by the first part we obtain θ = λ. 
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order p. Then P ′ ⊆ Z(P ) and P/Z(P ) is elementary abelian. By Exercise 2.13 in Isaacs [7] we
have that [P : Z(P )] = p2m, for some positive integer m and χ(1) = pm for all χ ∈ Irr(P ) with
χ(1) > 1. Hence, Irr(P ) contains |P/P ′| linear characters and the non-linear characters all have
degree pm.
We partition the set of irreducible characters of Z(P ) into two disjoint sets as follows:
Irr(1)
(
Z(P )
)= {λ ∈ Irr(Z(P )): P ′ ⊆ Kerλ} and
Irr(2)
(
Z(P )
)= Irr(Z(P )) \ Irr(1)(Z(P )).
Note that Irr(1)(Z(P )) is well defined as P ′ ⊆ Z(P ) and it is in bijection with Irr(Z(P )/P ′).
We will freely identify Irr(1)(Z(P )) with Irr(Z(P )/P ′). In view of this identification Irr(1)(Z(P ))
is a subgroup of Irr(Z(P )). We denote by nlIrr(P ) the set of non-linear irreducible characters
of P .
The following characterization of Irr(2)(Z(P )) was proved by Huppert as Theorem 7.5 using
Example 7.6 (a) of [6].
Lemma 3.2. Let P be a p-group with derived subgroup of order p. Then there exists a bijection
Ψ : Irr(2)
(
Z(P )
)→ nlIrr(P ),
Ψ (λ)(x) =
{
pmλ(x) if x ∈ Z(P ),
0 otherwise
for all λ ∈ Irr(2)(Z(P )) where p2m = |P : Z(P )|. Furthermore, λP = pmΨ (λ).
Let ϕ : Z(P ) → P/P ′ denote the restriction to Z(P ) of the canonical projection P  P/P ′.
We can then define ϕ∗ : Irr(P/P ′) → Irr(Z(P )) by ϕ∗(θ)(z) = θ(ϕ(z)) for all θ ∈ Irr(P/P ′) and
for all z ∈ Z(P ). Note that ϕ∗ is a group homomorphism.
Lemma 3.3. Let P be a group with |P ′| = p and let λ ∈ Irr(1)(Z(P )). Then the following hold:
(i) ϕ∗(θ) = θZ(P ) for all θ ∈ Irr(P/P ′),
(ii) Irr(P |λ) = {θ ∈ Irr(P ): ϕ∗(θ) = λ},
(iii) λG =∑θ∈Irr(P |λ) θ ,
(iv) Imϕ∗ = Irr(1)(Z(P )).
Proof. (i) Let θ ∈ Irr(P/P ′) and let z ∈ Z(P ). Then,
ϕ∗(θ)(z) = θ(ϕ(z))= θ(zP ′) = θ(z).
Hence, ϕ∗(θ) = θZ(P ).
(ii) Let θ ∈ Irr(P |λ). Then, by Clifford’s Theorem θZ(P ) = eλ and for all x ∈ P ′ we have
θ(x) = e = θ(1). Hence, θ ∈ Irr(P/P ′) and by part (i) we have θZ(P ) = ϕ∗(θ). We obtain[
λ,ϕ∗(θ)
]= [λ, θZ(P )] = e = 0.
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0 = [λ,ϕ∗(θ)] if and only if λ = ϕ∗(θ).
Hence, Irr(P |λ) = {θ ∈ Irr(P ): ϕ∗(θ) = λ}.
(iii) We have λP =∑θ∈Irr(P |λ) aθ θ and aθ = [λP , θ ] = [λ, θZ(P )] = 1 by part (ii).
(iv) Let λ ∈ Imϕ∗ then, λ = ϕ∗(θ) for some θ ∈ Irr(P/P ′). By part (i) we have λ = θZ(P ) and
since P ′ ⊆ Z(P ) and P ′ ⊆ Ker θ we obtain P ′ ⊆ Kerλ. Thus, λ ∈ Irr(1)(Z(P )).
Conversely, let λ ∈ Irr(1)(Z(P )). Then, by part (iii) we have λP = ∑θ∈Irr(P |λ) θ and by
part (ii) we have ϕ∗(θ) = λ for all θ ∈ Irr(P |λ). Hence, λ ∈ Imϕ∗. 
Definition 3.4. We say that (P,ϕ,Ψ ) is a p-triple if P is a p-group with derived subgroup of
order p, ϕ is the restriction to Z(P ) of the canonical projection P  P/P ′ and Ψ is the bijection
from Lemma 3.2.
Lemma 3.5. Let (P,ϕ,Ψ ) be a p-triple. Let θ ∈ Irr(P/P ′) and let χ ∈ nlIrr(P ). Then, θχ =
Ψ (ϕ∗(θ)λ), where χ = Ψ (λ).
Proof. By Lemma 3.3(iv) we have ϕ∗(θ) ∈ Irr(1)(Z(P )) so ϕ∗(θ)λ ∈ Irr(2)(Z(P )). From
Lemma 3.2 we have that χ = Ψ (λ) vanishes outside Z(P ), thus θχ vanishes on P \ Z(P ).
Similarly, Ψ (ϕ∗(θ)λ) is zero on P \ Z(P ). Moreover, (θχ)Z(P ) = θZ(P )pmλ. By Lem-
ma 3.3(i) we have θZ(P ) = ϕ∗(θ). Thus, (θχ)Z(P ) = pmϕ∗(θ)λ = Ψ (ϕ∗(θ)λ)Z(P ). Hence,
θχ = Ψ (ϕ∗(θ)λ). 
Corollary 3.6. Let (P,ϕ,Ψ ) be a p-triple. Let θ1, θ2 ∈ Irr(P/P ′) and let χ ∈ nlIrr(P ). Then,
ϕ∗(θ1) = ϕ∗(θ2) if and only if θ1χ = θ2χ .
Proof. Let λ ∈ Irr(2)(Z(P )) such that Ψ (λ) = χ . By Lemma 3.5 we have θiχ = Ψ (ϕ∗(θi)λ) for
all i = 1,2. Thus, θ1χ = θ2χ if and only if Ψ (ϕ∗(θ1)λ) = Ψ (ϕ∗(θ2)λ). Since Ψ is a bijection
this can occur if and only if ϕ∗(θ1)λ = ϕ∗(θ2)λ. Since λ is a linear character the equality holds
if and only if ϕ∗(θ1) = ϕ∗(θ2). 
Lemma 3.7. Let (P,ϕ,Ψ ) be a p-triple. Let χ1, χ2 ∈ nlIrr(P ) and let λ1, λ2 ∈ Irr(2)(Z(P )) be
such that χi = Ψ (λi) for all i = 1,2. Then χ1χ2 = (λ1λ2)P .
In particular, if λ1λ2 ∈ Irr(2)(Z(P )) then χ1χ2 = pmΨ (λ1λ2) and if λ1λ2 ∈ Irr(1)(Z(P )) then
χ1χ2 =∑θ∈Irr(P |λ1λ2) θ.
Proof. By Lemma 3.2 we know that χ1, χ2 vanish outside Z(P ) hence, χ1χ2 vanishes on
P \ Z(P ). Also by Lemma 3.2 we have
(χ1χ2)Z(P ) = pmλ1pmλ2 = p2mλ1λ2 =
∣∣P : Z(P )∣∣λ1λ2.
By Lemma 3.1 we have ((λ1λ2)P )Z(P ) = |P : Z(P )|λ1λ2 and (λ1λ2)P vanishes on P \ Z(P ).
Thus, (χ1χ2)Z(P ) = ((λ1λ2)P )Z(P ). We conclude that χ1χ2 = (λ1λ2)P .
Suppose that λ1λ2 ∈ Irr(1)(Z(P )). Then, by Lemma 3.3(iii) we have
(λ1λ2)
P =
∑
θ∈Irr(P |λ1λ2)
θ.
Hence, the result follows.
A. Nenciu / Journal of Algebra 319 (2008) 3960–3974 3967If λ1λ2 ∈ Irr(2)(Z(P )) then by Lemma 3.2 we have (λ1λ2)P = pmΨ (λ1λ2). Hence, χ1χ2 =
pmΨ (λ1λ2). 
4. Isomorphic character tables
In this section we give necessary and sufficient conditions for two p-groups with derived
subgroup of order p to have isomorphic character tables.
Let G and H be abelian groups and let f : G → H be a group homomorphism. We can define
f ∗ : Irr(H) → Irr(G) by f ∗(χ) = χ ◦ f for all χ ∈ Irr(H). It is easy to see that f ∗ is a group
homomorphism. Furthermore, f ∗ is an isomorphism if and only if f is an isomorphism. We
denote by Iso(G,H) = {f : G → H : f is an isomorphism}.
Lemma 4.1. Let G and H be finite abelian groups. Then, the map
∗ : Iso(G,H) → Iso(Irr(H), Irr(G))
is a bijection.
Proof. If G and H are not isomorphic then both sets are empty, so the conclusion holds trivially.
Assume that G and H are isomorphic. Then ∗ is well defined. Furthermore, G 
 Irr(G) 

Irr(H) 
 H . Hence, |Iso(G,H)| = |Iso(Irr(H), Irr(G))|. Thus, it is enough to show that ∗ is
one-to-one. Let f1, f2 : G → H be distinct isomorphisms. Then, there exists g ∈ G such that
f1(g) = f2(g). Therefore, there exists θ ∈ Irr(H) such that θ(f1(g)) = θ(f2(g)) so, f ∗1 (θ) =
f ∗2 (θ). Hence, ∗ is a bijection. 
Lemma 4.2. Let A1, A2, B1, and B2 be abelian groups and let fi : Bi → Ai be group ho-
momorphisms for all i = 1,2. Then, there exists isomorphisms α : A1 → A2 and β : B1 → B2
satisfying α ◦ f1 = f2 ◦ β if and only if there exist isomorphisms α̂ : Irr(A1) → Irr(A2) and
β̂ : Irr(B1) → Irr(B2) such that f ∗2 ◦ α̂ = β̂ ◦ f ∗1 .
Proof. Suppose there exist group isomorphisms α : A1 → A2 and β : B1 → B2 satisfying α ◦
f1 = f2 ◦ β . Let α̂ = (α∗)−1 and let β̂ = (β∗)−1. Then, α̂ and β̂ are isomorphisms satisfying
f ∗2 ◦ α̂ = β̂ ◦ f ∗1 .
Conversely, assume that there exist isomorphisms α̂ : Irr(A1) → Irr(A2) and β̂ : Irr(B1) →
Irr(B2) such that f ∗2 ◦ α̂ = β̂ ◦ f ∗1 . Then, by Lemma 4.1 there exist isomorphisms α : A1 → A2
and β : B1 → B2 such that α̂ = (α∗)−1 and β̂ = (β∗)−1. We have(
β∗
)−1 ◦ f ∗1 = β̂ ◦ f ∗1 = f ∗2 ◦ α̂ = f ∗2 ◦ (α∗)−1.
Hence, (f2 ◦ β)∗ = β∗ ◦ f ∗2 = f ∗1 ◦ α∗ = (α ◦ f1)∗. Thus, by Lemma 4.1 we have α ◦ f1 =
f2 ◦ β . 
Theorem 4.3. Let P1 and P2 be p-groups with derived subgroup of order p. Then, the following
are equivalent:
(a) There exist group isomorphisms α̂ : Irr(P1/P ′1) → Irr(P2/P ′2) and β̂ : Irr(Z(P1)) →
Irr(Z(P2)) such that ϕ∗2 ◦ α̂ = β̂ ◦ ϕ∗1 .
(b) There exists an algebra isomorphism F : P̂1 → P̂2 such that F(Irr(P1)) = Irr(P2).
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α̂ : Irr (P1/P ′1)→ Irr (P2/P ′2) and
β̂ : Irr(Z(P1))→ Irr(Z(P2))
such that ϕ∗2 ◦ α̂ = β̂ ◦ ϕ∗1 . Let Ψi : Irr(2)(Z(Pi)) → nlIrr(Pi) for all i = 1,2 be the bijections
from Lemma 3.2. We define
F : P̂1 → P̂2
as follows
F(χ) =
{
α̂(χ) if χ(1) = 1,
(Ψ2 ◦ β̂ ◦ Ψ −11 )(χ) if χ(1) > 1
for all χ ∈ Irr(P1) and we extend by linearity. Recall that, for all i = 1,2 we have ϕ∗i (Irr(Pi/P ′i )) =
Irr(1)(Z(Pi)) so
β̂
(
Irr(1)
(
Z(P1)
))= (β̂ ◦ ϕ∗1)(Irr (P1/P ′1))= (ϕ∗2 ◦ α̂)(Irr (P1/P ′1))= ϕ∗2(Irr (P2/P ′2)).
Hence, β̂(Irr(1)(Z(P1))) = Irr(1)(Z(P2)) and β̂(Irr(2)(Z(P1))) = Irr(2)(Z(P2)). Since for all χ ∈
nlIrr(P1) we have Ψ −11 (χ) ∈ Irr(2)(Z(P1)) it follows that (Ψ2 ◦ β̂ ◦Ψ−11 )(χ) ∈ nlIrr(P2). Hence,
F(Irr(P1)) = Irr(P2). Furthermore, since Irr(Pi) is a basis for P̂i for all i = 1,2 we have that F
is a bijection.
It remains to show that F is an algebra homomorphism. In order to prove this it is enough to
show
F(χ1χ2) = F(χ1)F (χ2)
for all χ1, χ2 ∈ Irr(P1). Let χ1, χ2 ∈ Irr(P1). We will consider several cases.
Case 1. Suppose that χ1 and χ2 are linear characters. Then since F is just α̂ on linear characters,
F is multiplicative on the linear characters.
Case 2. Suppose that χ1(1) = 1 and χ2(1) > 1. Then, by Lemma 3.2 there exists λ ∈
Irr(2)(Z(P1)) such that χ2 = Ψ (λ). In this case, by Lemma 3.5 we have
χ1χ2 = Ψ
(
ϕ∗1 (χ1)λ
)
and we obtain
F(χ1χ2) =
(
Ψ2 ◦ β̂ ◦ Ψ−11
)(
Ψ1
(
ϕ∗1 (χ1)λ
))
= Ψ2
(
β̂
(
ϕ∗1 (χ1)λ
))
= Ψ2
(
β̂
(
ϕ∗1 (χ1)
)
β̂(λ)
)
(β̂ is multiplicative).
On the other hand we have
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(
β̂(λ)
)
= Ψ2
(
ϕ∗2
(̂
α(χ1)
)
β̂(λ)
)
(by Lemma 3.5)
= Ψ2
(
β̂
(
ϕ∗1 (χ1)
)
β̂(λ)
) (
ϕ∗2 ◦ α̂ = β̂ ◦ ϕ∗1
)
.
Hence, F(χ1χ2) = F(χ1)F (χ2).
Case 3. Suppose that χ1, χ2 ∈ nlIrr(P1). Then, by Lemma 3.2 there exist λ1, λ2 ∈ Irr(2)(Z(P1))
such that χi = Ψ1(λi) for all i = 1,2. By Lemma 3.7 we have
χ1χ2 = (λ1λ2)P1 =
{
pmΨ1(λ1λ2) if λ1λ2 ∈ Irr(2)(Z(P1)),∑
θ∈Irr(P1|λ1λ2) θ otherwise.
We compute
F(χ1)F (χ2) = Ψ2
(
β̂(λ1)
)
Ψ2
(
β̂(λ2)
)= (β̂(λ1)β̂(λ2))P2
where the last equality follows from Lemma 3.7. Note that λ1λ2 ∈ Irr(1)(Z(P1)) if and only if
β̂(λ1)β̂(λ2) ∈ Irr(1)(Z(P2)). We will consider two subcases.
Case 3.1. Assume that λ1λ2 ∈ Irr(1)(Z(P1)). Then,
F(χ1χ2) =
∑
θ∈Irr(P1|λ1λ2)
F (θ) =
∑
θ∈Irr(P1|λ1λ2)
α̂(θ)
and
F(χ1)F (χ2) =
∑
δ∈Irr(P2|β̂(λ1)β̂(λ2))
δ.
It is enough to show that α̂(Irr(P1|λ1λ2)) = Irr(P2|β̂(λ1)β̂(λ2)). Let θ ∈ Irr(P1|λ1λ2). Then we
have
α̂(θ)Z(P2) = ϕ∗2
(̂
α(θ)
) (
by Lemma 3.3(i))
= β̂(ϕ∗1 (θ)) (ϕ∗2 ◦ α̂ = β̂ ◦ ϕ∗1)
= β̂(λ1λ2)
(
by Lemma 3.3(ii))
= β̂(λ1)β̂(λ2).
Hence, α̂(θ) ∈ Irr(P2|β̂(λ1)β̂(λ2)). Conversely, let δ ∈ Irr(P2|β̂(λ1)β̂(λ2)). Then, δ ∈ Irr(P2/P ′2)
and there exists θ ∈ Irr(P1/P ′1) such that α̂(θ) = δ. It remains to show that θZ(P1) = λ1λ2. We
have
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by Lemma 3.3(i))
= ϕ∗1
(̂
α−1(δ)
)
= β̂−1(ϕ∗2 (δ)) (ϕ∗2 ◦ α̂ = β̂ ◦ ϕ∗1)
= β̂−1(δZ(P2)) (by Lemma 3.3(i))
= β̂−1(β̂(λ1)β̂(λ2))
= λ1λ2.
Hence, α̂(Irr(P1|λ1λ2)) = Irr(P2|β̂(λ1)β̂(λ2)) and F(χ1χ2) = F(χ1)F (χ2).
Case 3.2. Suppose that λ1λ2 ∈ Irr(2)(Z(P1)). Then,
F(χ1χ2) =
(
Ψ2 ◦ β̂ ◦ Ψ −11
)(
pmΨ1(λ1λ2)
)
= pmΨ2
(
β̂(λ1)β̂(λ2)
)
(β̂ is multiplicative)
= (β̂(λ1)β̂(λ2))P2 (by Lemma 3.2)
= F(χ1)F (χ2).
Thus, F is an algebra isomorphism. Conversely, suppose that there is an algebra isomorphism
F : P̂1 → P̂2 such that F(Irr(P1)) = Irr(P2). Note that if χ is a linear character of P1 the it is an
invertible element of P̂1 and since F is an algebra homomorphism we have F(χ) is invertible
in P̂2. Thus, F(χ) must be a linear character of P2. Hence, F maps the linear characters of P1 to
the linear characters of P2 and F(nlIrr(P1)) = nlIrr(P2). We define α̂ : Irr(P1/P ′1) → Irr(P2/P ′2)
to be the restriction of F to Irr(P1/P ′1). It is easy to see that α̂ is well defined and it is an
isomorphism. We define β̂ : Irr(Z(P1)) → Irr(Z(P2)) by
β̂(λ) =
{
ϕ∗2 (F (θ)) if λ ∈ Irr(1)(Z(P1)), λ = ϕ∗1 (θ),
(Ψ −12 ◦ F ◦ Ψ1)(λ) if λ ∈ Irr(2)(Z(P1)).
We will show that β̂ is well defined. By Lemma 3.3(iv) we have Imϕ∗1 = Irr(1)(Z(P1)). Sup-
pose that there exists θ1, θ2 ∈ Irr(P1/P ′1) such that ϕ∗1 (θ1) = ϕ∗1 (θ2) = λ. We have to show that
ϕ∗2 (F (θ1)) = ϕ∗2 (F (θ2)). By Corollary 3.6 it is enough to show F(θ1)ν = F(θ2)ν for some
ν ∈ nlIrr(P2). Let ν ∈ nlIrr(P2). We have seen that F(nlIrr(P1)) = nlIrr(P2), so there exists
χ ∈ nlIrr(P1) such that F(χ) = ν. Since F is multiplicative we obtain that F(θ1)ν = F(θ2)ν if
and only if F(θ1χ) = F(θ2χ). Since F is injective the last equality is equivalent to θ1χ = θ2χ ,
which holds true by Corollary 3.6. Thus, β̂ is well defined.
Moreover, since α̂ is F restricted to the linear characters we have β̂ ◦ ϕ∗1 = ϕ∗2 ◦ α̂.
We will show that β̂ is a bijection. Since Ψ1,Ψ2 are bijections and F restricts to a bijection
from nlIrr(P1) to nlIrr(P2), it follows that β̂ will map bijectively Irr(2)(Z(P1)) to Irr(2)(Z(P2)).
We will show that β̂ is a bijection from Irr(1)(Z(P1)) to Irr(1)(Z(P2)). Let λ1, λ2 ∈ Irr(1)(Z(P1))
such that β̂(λ1) = β̂(λ2). We have β̂(λi) = ϕ∗2 (F (θi)) for some θi ∈ Irr(P1/P ′1) such that λi =
ϕ∗1 (θi) for all i = 1,2. It is enough to show ϕ∗1 (θ1) = ϕ∗1 (θ2). By Corollary 3.6 it is enough to
show θ1χ = θ2χ for some χ ∈ nlIrr(P1). Let χ ∈ nlIrr(P1). Since F is an algebra isomorphism
it is enough to prove F(θ1)F (χ) = F(θ2)F (χ). F(θ1),F (θ2) and F(χ) satisfy the hypothesis
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true since ϕ∗2 (F (θ1)) = β̂(λ1) = β̂(λ2) = ϕ∗2 (F (θ2)). Thus, β̂ is injective.
Let γ ∈ Irr(1)(Z(P2)) and let δ ∈ Irr(P2/P ′2) such that ϕ∗2 (δ) = γ . Since α̂ is a bijection there
exists θ ∈ Irr(P1/P ′1) such that α̂(θ) = δ. Let λ = ϕ∗1 (θ). Then, γ = ϕ∗2 (̂α(θ)) = ϕ∗2 (F (θ)) =
β̂(λ). Thus, β̂ is surjective.
It remains to prove that β̂ is multiplicative. Let λ1, λ2 ∈ Irr(Z(P1)). We have to consider
several cases.
Case 1. Suppose that λ1, λ2 ∈ Irr(1)(Z(P1)). Then, λ1λ2 ∈ Irr(1)(Z(P1)) and β̂(λ1), β̂(λ2) and
β̂(λ1λ2) ∈ Irr(1)(Z(P2)). For all i = 1,2 let θi ∈ Irr(P1/P ′1) be such that λi = ϕ∗1 (θi). Then,
λ1λ2 = ϕ∗1 (θ1θ2) and we have
β̂(λ1λ2) = ϕ∗2
(
F(θ1θ2)
)= ϕ∗2(F(θ1)F (θ2))= ϕ∗2(F(θ1))ϕ∗2(F(θ2))= β̂(λ1)β̂(λ2).
Case 2. Assume that λ1 ∈ Irr(1)(Z(P1)) and λ2 ∈ Irr(2)(Z(P1)). Then λ1λ2 ∈ Irr(2)(Z(P1))
and β̂(λ1λ2), β̂(λ1)β̂(λ2) ∈ Irr(2)(Z(P2)). Let θ ∈ Irr(P1/P ′1) and χ ∈ nlIrr(P1) such that
λ1 = ϕ∗1 (θ) and χ = Ψ1(λ2). Then, by Lemma 3.5 we have
θχ = Ψ1
(
ϕ∗1 (θ)λ2
)= Ψ1(λ1λ2).
Thus, (F ◦ Ψ1)(λ1λ2) = F(θχ) = F(θ)F (χ). Since F(nlIrr(P1)) = nlIrr(P2) and Ψ2 is a bi-
jection there exists ν ∈ Irr(2)(Z(P2)) such that F(χ) = Ψ2(ν). Then, by Lemma 3.7 we obtain
F(θ)F (χ) = Ψ2(ϕ∗2 (F (θ))ν). Note that F(χ) = (F ◦ Ψ1)(λ2) = Ψ2(β̂(λ2)), so ν = β̂(λ2) since
Ψ2 is bijective. Also ϕ∗2 (F (θ)) is, by definition, β̂(λ1). We obtain,
β̂(λ1λ2) =
(
Ψ−12 ◦ F ◦ Ψ1
)
(λ1λ2) = ϕ∗2
(
F(θ)
)
ν = β̂(λ1)β̂(λ2).
Case 3. Suppose that λ1, λ2 ∈ Irr(2)(Z(P1)). Then, β̂(λ1), β̂(λ2) ∈ Irr(2)(Z(P2)) and by
Lemma 3.7 we have (λ1λ2)P1 = Ψ1(λ1)Ψ1(λ2) and (β̂(λ1)β̂(λ2))P2 = Ψ2(β̂(λ1))Ψ2(β̂(λ2)).
We obtain: (
β̂(λ1)β̂(λ2)
)P2 = F (Ψ1(λ1))F (Ψ1(λ2))
= F (Ψ1(λ1)Ψ1(λ2))
= F ((λ1λ2)P1)
=
{∑
θ∈Irr(P1|λ1λ2) F (θ) if λ1λ2 ∈ Irr(1)(Z(P1)),
pmF(Ψ1(λ1λ2)) if λ1λ2 ∈ Irr(2)(Z(P1)).
On the other hand(
β̂(λ1λ2)
)P2 = {∑γ∈Irr(P2|β̂(λ1λ2)) γ if λ1λ2 ∈ Irr(1)(Z(P1)),
pmΨ2(β̂(λ1λ2)) if λ1λ2 ∈ Irr(2)(Z(P1)).
As in Case 3.1 of the first part of the proof we can prove that F(Irr(P1|λ1λ2)) = Irr(P2|β̂(λ1λ2)).
Since Ψ2 ◦ β̂ = F ◦ Ψ1 we can conclude that(
β̂(λ1)β̂(λ2)
)P2 = (β̂(λ1λ2))P2 .
Hence, by Lemma 3.1 we obtain β̂(λ1)β̂(λ2) = β̂(λ1λ2). Thus, β̂ is a group homomorphism. 
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Z(P1)| = p2m = |P2 : Z(P2)| have isomorphic irreducible character tables if and only if there
exist α : P1/P ′1 → P2/P ′2 and β : Z(P1) → Z(P2) group isomorphisms such that the following
diagram is commutative
Z(P1)
ϕ1
β
P1/P
′
1
α
Z(P2)
ϕ2
P2/P
′
2
where ϕ1 and ϕ2 are the restrictions to Z(P1) and Z(P2) respectively of the projections P1 
P1/P
′
1 and P2 P2/P ′2.
Proof. It follows immediately from Theorem 4.3 and Proposition 2.2. 
5. (m,n,p)-admissible triples
Let m,n be positive integers such that n − 2m − 1  0 and let p be a prime. In this section
we define the equivalent (m,n,p)-admissible triples. We show that there is an one-to-one map
from the isomorphism classes of character tables of p-groups P with |P | = pn, |P ′| = p and
|P : Z(P )| = p2m and the equivalence classes of (m,n,p)-admissible triples.
Definition 5.1. Let m and n be two positive integers with n − 2m − 1 0, and let p be a prime.
An (m,n,p)-admissible triple is a triple (A,B,ϕ) such that
(i) A is an abelian group of order pn−1,
(ii) B is an abelian group of order pn−2m, and
(iii) ϕ : B → A is a group homomorphism such that |Kerϕ| = p and A/ϕ(B) is an elementary
abelian group of order p2m.
Definition 5.2. Two (m,n,p)-admissible triples (A1,B1, ϕ1) and (A2,B2, ϕ2) are said to be
equivalent, and we denote this by (A1,B1, ϕ1) ∼ (A2,B2, ϕ2), if there exist group isomorphisms
α : A1 → A2 and β : B1 → B2 such that α ◦ ϕ1 = ϕ2 ◦ β .
Remark 5.3. The above relation is an equivalence relation.
Notation 5.4. Let m and n be two positive integers such that n − 2m − 1  0, and let p be a
prime. We denote by Pm,n,p a full set of non-isomorphic p-groups P with |P | = pn, |P ′| = p
and |P : Z(P )| = p2m and by CT m,n,p a full set of non-isomorphic character tables of these
groups. Let Tm,n,p denote a full set of non-equivalent (m,n,p)-admissible triples (A,B,ϕ).
Definition 5.5. Let m,n be positive integers such that n − 2m − 1 0 and let p be a prime. We
define
tm,n,p : Pm,n,p → Tm,n,p by tm,n,p(P ) = (A,B,ϕ)
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Z(P ) of the canonical projection π : P  P/P ′.
Proposition 5.6. The map tm,n,p is well defined.
Proof. Let P ∈ Pm,n,p . Then |P/P ′| = pn−1 and [P : Z(P )] = p2m, hence |Z(P )| = pn−2m.
Since, P ′ ⊆ Z(P ) we have |Kerπ | = |Kerϕ| = p and P/ϕ(Z(P )) 
 P/Z(P ) is elementary
abelian of order p2m. Thus, (P/P ′,Z(P ),ϕ) is an (m,n,p)-admissible triple. Hence, there ex-
ists (A,B,ϕ) ∈ Tm,n,p such that (A,B,ϕ) ∼ (P/P ′,Z(P ),ϕ).
If P1,P2 are isomorphic p-groups with |P1| = |P2| = pn, |P ′1| = |P ′2| = p and |P1 :
Z(P1)| = |P2 : Z(P2)| = p2m then it is straightforward to see that (P1/P ′1,Z(P1), ϕ1) ∼
(P2/P
′
2,Z(P2), ϕ2). Thus, tm,n,p is well defined. 
Theorem 5.7. For all primes p and for all positive integers m,n such that n − 2m − 1  0
there exists an one-to-one map Υm,n,p : CT m,n,p → Tm,n,p such that the following diagram is
commutative
Pm,n,p
ctm,n,p tm,n,p
CT m,n,p
Υm,n,p Tm,n,p
where ctm,n,p is the map that associates to every group its character table.
Proof. Let [CT ] be a character table in CT m,n,p . Then there exists a p-group P such that the
character table of P is isomorphic to [CT ]. We define
Υm,n,p
([CT ]) := (A,B,ϕ)
where (A,B,ϕ) is an (m,n,p)-admissible triple equivalent to (P/P ′,Z(P ),ϕ) and ϕ is the
restriction to Z(P ) of the projection map P → P/P ′. Note that Υm,n,p([CT ]) = tm,n,p(P ), so
Υm,n,p([CT ]) ∈ Tm,n,p .
We have to show that Υm,n,p is well defined. Suppose that there exist two p-groups P1
and P2 such that their character tables are isomorphic to [CT ]. Then P1 and P2 have isomor-
phic character tables and by Corollary 4.4 there exist group isomorphisms α : P1/P ′1 → P2/P ′2
and β : Z(P1) → Z(P2) such that α ◦ ϕ1 = ϕ2 ◦ β . Hence, the two (m,n,p)-admissible triples
(P1/P
′
1,Z(P1), ϕ1) and (P2/P
′
2,Z(P2), ϕ2) are equivalent. Thus, Υm,n,p is well defined.
We will show that Υm,n,p is one-to-one. Suppose there exist two non-isomorphic character
tables [CT ]1 and [CT ]2 in CT m,n,p such that Υm,n,p([CT ]1) = Υm,n,p([CT ]2). Then, there
exist two p-groups P1 and P2 such that the character table of P1 is isomorphic to [CT ]1 and
the character table of P2 is isomorphic to [CT ]2. Then Υm,n,p([CT ]1) ∼ (P1/P ′1,Z(P1), ϕ1) and
Υm,n,p([CT ]2) ∼ (P2/P ′2,Z(P2), ϕ2). We obtain that (P1/P ′1,Z(P1), ϕ1) and (P2/P ′2,Z(P2), ϕ2)
are equivalent (m,n,p)-admissible triples. Hence, by Corollary 4.4 we have that P1 and P2 have
isomorphic irreducible character tables. Thus, [CT ]1 = [CT ]2 and Υm,n,p is one-to-one. 
In the second part we will give a combinatorial characterization of the set Tm,n,p and we will
prove that Υm,n,p is also onto.
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